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Today’s Objectives

Topics:

• Fourier and Wavelet Transform

• Sparsity and Dictionary Learning

Disclaimer: Material used: 

Applied Digital Signal Processing, Manolakis and Ingle
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Linear inverse problems

•Many classic problems in computer can be posed as 
linear inverse problems

•Notation
• Signal of interest

• Observations

• Measurement model

•Problem definition: given    ,  recover

measurement 
noise

measurement 
matrix
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Signals

4Spring Semester 2019
CS-570 Statistical Signal Processing

University of Crete, Computer Science Department

Plots illustrating the graphical representation of continuous-time 
signals (a), discrete-time signals (b) and (c), and digital signals (d).



Systems

• A continuous-time system is a system which transforms a 
continuous- time input signal x(t) into a continuous-time 
output signal y(t).

• A system that transforms a discrete-time input signal x[n] 
into a discrete-time output signal y[n], is called a discrete-
time system.
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Analog-to-digital
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Analog-to-digital
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Discrete-time system properties
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The impulse response of a linear time-invariant system



Principle of superposition
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Examples: 

Vector addition

Especially useful
Combine vectors from basis vectors
(linear independent vectors)

Even more useful
orthonormal basis vectors

projections can easily be calculated 
with the scalar product because 

𝒚 =

𝑖=1
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Principle of superposition
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Superposition = representation as linear combination:  

same idea for functions:  

built a rect- from step-functions

split a function into pointwise 
contributions 
with the   -function (distribution)

𝑥 𝑡 =

𝑖=1

𝑛

𝑎𝑖𝑥𝑖 𝑡 𝑓 𝑥 = න
−∞

+∞

𝑓 𝑦 𝛿 𝑥 − 𝑦 ⅆ𝑦

1 = න
−∞

+∞

𝛿 𝑦 ⅆ𝑦

𝑓 0 = න
−∞

+∞

𝑓 𝑦 𝛿 𝑦 ⅆ𝑦

http://en.wikipedia.org/wiki/Dirac_delta_function
http://de.wikipedia.org/wiki/Distribution_(Mathematik)


Fourier Series: Example
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Fourier Series and Fourier Transform: History

• Fourier Series

Any periodic function can be expressed as the sum of sines and 
/or cosines of different frequencies, each multiplied by a different 
coefficients

• Fourier Transform

Any function that is not periodic can be expressed as the integral 
of  sines and /or cosines multiplied by a weighing function
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Fourier series
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Discrete Fourier Transform

• A discrete signal x[n] of length N can be represented as

• Given a representation X[k], the original signal can be 
recovered by
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Fourier representation of signals
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Why?
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The Discrete Fourier Transform (DFT) matrix

• The 𝑛 × 𝑛 Fourier matrix is defined as:

• Number the first row and column with 0.

• We define 𝑤 = 𝑒−𝐢
2𝜋

𝑛 . For 𝑤 is preferable to use polar 
representation. 𝐹𝑛 𝑖, 𝑗 = 𝑤𝑖𝑗.
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The DFT matrix for n=4

𝐹4 =

1
1

1
−𝐢

1 1
(−𝐢)2 (−𝐢)3

1 (−𝐢)2 (−𝐢)4 (−𝐢)6

1 (−𝐢)3 (−𝐢)6 (−𝐢)9

=

1
1

1
−𝐢

1 1
(−𝐢)2 (−𝐢)3

1 (−𝐢)2 (−𝐢)0 (−𝐢)2

1 (−𝐢)3 (−𝐢)2 (−𝐢)1

=

1
1

1
−𝐢

1 1
−1 𝐢

1 −1 1 −1
1 𝐢 −1 −𝐢

The columns of this matrix are orthogonal. F4=0.5*F4 to make them 
orthonormal
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DFT in matrix form

• Fourier-Matrix

• DFT of x:

• Matrix-Vector-Product:
• N^2 Multiplications

• N(N-1) Additions

• Arithmetic Complexity: O(N^2)
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Discrete Cosine Transform (DCT)

•A variant of the Discrete Fourier Transform – using 
only real numbers

•Periodic and symmetric

•The energy of a DCT transformed data (if the 
original data is correlated) is concentrated in a few 
coefficients – well suited for compression.
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1-D  DCT 
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1-D  DCT 

• The one-dimensional DCT of order n is defined by an 𝑁 × 𝑁
matrix 𝐶 whose entries are
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𝑐 𝑘, 𝑛 =

1
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2

𝑁
cos

𝜋 2𝑛 + 1 𝑘

2𝑁
, 1 ≤ 𝑘 ≤ 𝑁 − 1,0 ≤ 𝑛 < 𝑁 − 1






























n

nn

n

n

n

n

n

n

nnn
C

2

)12)(1(
cos

2

3)1(
cos

2

)1(
cos

2

)12(
cos

2

3
cos

2
cos

2

1

2

1

2

1

2















From 1D-DCT to 2D-DCT
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2D DCT

Like the 2D Fast Fourier Transform, the 2D DCT can be 
implemented in two stages, i.e., first
computing the DCT of each line in the block and then computing 
the DCT of each resulting column. 

Like the FFT, each of the DCTs can also be computed in O(N logN) 
time.
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DCT
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Transformation



Short Time Fourier Analysis

In order to analyze small section of a signal, Denis Gabor 
(1946), developed a technique, based on the FT and using 
windowing : STFT
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STFT (or: Gabor Transform)

• A compromise between time-based and frequency-based 
views of a signal.

• both time and frequency are represented in limited 
precision.

• The precision is determined by the size of the window.

• Once you choose a particular size for the time window - it 
will be the same for all frequencies.

• Limitation

Many signals require a more flexible approach - so we can 
vary the window size to determine more accurately either 
time or frequency.
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MultiResolution Analysis
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What is Wavelet Analysis ?

• And…what is a wavelet…?

• A wavelet is a waveform of effectively limited duration that 
has an average value of zero.

• Properties
• Short time localized waves with zero integral value.

• Possibility of time shifting.

• Flexibility.
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Shift & Scale
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Wavelets

•Wavelet transform decomposes a signal into a set of 
basis functions.

•These basis functions are called wavelets

•Wavelets are obtained from a single prototype 
wavelet y(t) called mother wavelet by dilations and 
shifting:

where a is the scaling parameter and b is the 
shifting parameter
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Discrete Wavelet Transform (DWT)

• Forward

• Inverse

Where 
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DWT in images
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